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Abstract. Given hypergraphs F and H, an E-factor in iL is a set of vertex-disjoint copies of F 
which cover all the vertices in H. Let denote the 3-uniform hypergraph with 4 vertices and 3 
edges. We show that for sufficiently large n £ 4N, every 3-uniform hypergraph F[ on n vertices with 
minimum codegree at least n/2 — 1 contains a A'j"-factor. Our bound on the minimum codegree 
here is best-possible. It resolves a conjecture of Lo and Markstrom |15| for large hypergraphs, who 
earlier proved an asymptotically exact version of this result. Our proof makes use of the absorbing 
method as well as a result of Keevash and Mycroft m concerning almost perfect matchings in 
hypergraphs. 
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1. Introduction 

Given two hypergraphs H and E, an F-tiling in R is a collection of vertex-disjoint copies of 
F in H. An E-tiling is called perfect if it covers all the vertices of H. Perfect E-tilings are also 
referred to as F-factors or perfect F-packings. Note that perfect E-tilings are generalisations of 
perfect matchings (which correspond to the case when E is a single edge). 

Tiling problems have been widely studied for graphs. The seminal Hajnal-Szemeredi theorem [8] 
states that every graph G on n G rN vertices and with 6{G) > (1 — l/r)n contains a ET^-factor. 
More generally, given any graph E, Kiihn and Osthus m determined, up to an additive constant, 
the minimum degree threshold that forces a E-factor in a graph. See m for a survey including 
many of the results on graph tiling. 

Given a fe-uniform hypergraph (Egraph for short) H with a d-element vertex set S (where 
0 < d < k — 1) we define the degree degfj{S) of S in E to be the number of edges containing S. 
The minimum d-degree Sd{H) of H is the minimum of degfj{S) over all d-element sets of vertices in 
H. We also refer to Si{F[) as the minimum vertex degree of H and the minimum codegree 

of H. 

In recent years there have been significant efforts on finding minimum d-degree conditions that 
force a perfect matching in a /c-graph. For example, for every k > 3, Rodl, Ruciiiski and Sze- 
meredi [20] determined the minimum codegree threshold that forces a sufficiently large fc-graph H 
to contain a perfect matching. Other than the matching problems, only a few hypergraph tiling 
problems have been studied - most of them were done recently. 

Given a fc-graph E of order / and an integer n divisible by /, we define the threshold 6d{n,F) 
as the smallest integer t such that every n-vertex fc-graph H with 5d{H) > t contains an E- 
factor. We simply write 6{n,F) for 6k-i{n, F). One of the earliest results on hypergraph tiling 
was given by Kiihn and Osthus m, who proved that 6{n,Cf) = n/4 -|- o(n), where Gf is the 
(unique) 3-graph with four vertices and two edges. Later Gzygrinow, DeBiasio, and Nagle [3] 
showed that for sufficiently large n G N, d(re, Gf) = n/4 -|- 1 if n G 8N and d(n,C^) = njd 
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otherwise. Let K\ denote the complete 3-graph on four vertices. Lo and Markstrom m showed 
that 6 {n, Kf) = 3n/4 -|- o( n). Independently and simultaneously Keevash and Mycroft m proved 
that for sufficiently large n G 4N, 5{n,Kf) = 3n/4 —2 if n G 8N and 6 {n,K^) = ^njA — 1 otherwise. 
More recently Han and Zhao [ID] and independently Czygrinow [2] determined 6 i{n, Cf) exactly for 
sufficiently large n. Mycroft m determined 5{n,F) asymptotically for many /c-partite /c-graphs F 
(including complete fe-partite fe-graphs and loose cycles). One of these thresholds, J(n,C'g), where 
Cq denotes the 3-uniform loose cycle on 6 vertices, was determined exactly by Gao and Han [7] very 
recently. Han, Zang, and Zhao [9] determined 6 i{n,K) asymptotically for all complete 3-partite 
3-graphs K. See the surveys |18l |2T] for detailed overviews of matching and tiling problems in 
hypergraphs. 

Let denote the 3-graph with 4 vertices and 3 edges. Lo and Markstrom m proved that 
nl2 — 1 < 5{n,K'^) < n/2 + o{n). Let us recall the construction that gives the lower bound. Given 
two disjoint vertex sets A,B, define B[A,B\ to be the 3-graph on AVJ B whose edge set consists 
of all those triples that contain an odd number of vertices from A. Suppose that n = 0 mod 4. 
If n ^ 0 mod 3 and |^| = \B\ = n/2, we have that 52 {B[A, B]) = n/2 — 2 but B[A,B] does not 
contain a iL 4 l-factor. If n = 0 mod 3 and |A| = n/2 -|- 1, \B\ = n/2 — 1, again we have that 
62 {B[A, B]) = n/2 — 2 but B[A,B] does not contain a K^-ia.cior. (See Proposition 1 in [15] for 
details.) 

In this paper we determine 5{n, K^) exactly for sufficiently large n, thereby resolving a conjecture 
of Lo and Markstrom [El- 

Theorem 1.1. There exists an no G N such that the following holds. Suppose that H is a 3-graph 
on n > no vertices where n is divisible by 4. If 52 {H) > n/2 — 1 then H contains a Kfi-factor. 
Thus, 5{n, Kfi) = n/2 — 1 for n G 4N and n > uq. 

The proof of Theorem 11.11 makes use of the absorbing method - a technique that was first used 
in m and has subsequently been applied to numerous embedding problems in extremal graph 
theory. We also apply a result of Keevash and Mycroft m] concerning almost perfect matchings 
in hyper graphs. 

The paper is organised as follows. In the next section we derive Theorem 11.11 from three main 
lemmas, preceded by an overview of the proof and a comparison with the proof in |15] . We give 
some useful tools in Section [3l We prove an almost perfect tiling lemma in Section [4] and an 
absorbing lemma in Section (5] The non-extremal case is tackled in Section [H 

2. Notation and proof of Theorem 11.11 

2.1. Notation. Given a set X and r G N, we write for the set of all r-element subsets of 
X. For simplicity, given vertices xi,...,xt and a set of vertices S, we often write xi---xt for 
{xi,..., xt} and 5 U xi for S' U {xi}. 

Let LI be a 3-graph. We write V{H) for the vertex set and E[H) for the edge set of H. Define 
e{H) := \E{H)\. We denote the complement of H by H. That is, H := {V{H), \ E{H)). 

Given x,y G V{H), we write Nnixy) to denote the neighborhood of xy, that is, the family of 
those vertices in V{H) which, together with x,y, form an edge in H. If X C V{H) we write 
NH{xy,X) := Nnixy) CiX, and degfj{xy, X) := {Nnixy, X)\. For this and similar notation, we 
often omit the subscript if the underlying hypergraph is clear from the context. 

Given X C V{H), we write H[X\ for the subhypergraph of H induced by X, namely, H[X] := 
{X,E{H) n (^)). We write eniX) or simply e{X) for e{H[X]). In addition, we let H \ X := 
H[V{H) \ X]. If IF is a spanning subgraph of H[X], then we say that X spans a copy of K in H. 
In particular, this does not necessarily mean that X induces a copy of K in H. When counting the 
number of copies of K in H, we only count the number of subsets of V {H) that span copies of K 
in H. For example, we say that Kf only contains one copy of (instead of four copies). 
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Let 7 > 0 and H and H' be two 3-graphs on the same vertex set V. We say that H '^-contains 
H' if \E{H') \ E{H)\ < namely, H misses at most 7|1^P edges from H'. Given 7 > 0, we 

call a 3-graph H = (1/, E) on n vertices ^-extremal if there is a partition of V = Au B such that 
|A| = [n/2j, \B\ = l'n/2] and H 7 -contains B[A,B]. 

For any x G V{E[), we define the link graph Lx to be the graph with vertex set V{H) \ {x} and 
where yz G E{Lx) if and only if xyz G E{H). Let G be a graph, X C V{G) and x G V{G). We 
define NG{x),eGiX),G[X],NG{x,X),degQ{x,X) analogously to the 3-graph case. We write 6 {G) 
for the minimum degree of G and A(G) for the maximum degree of G. Given disjoint X,Y C,V(G), 
we write eG(X, Y) for the number of edges in G with one endpoint in X and the other endpoint in 
F. 

Throughout the paper, we write 0 <Q;<C/ 3 <C 7 to mean that we can choose the constants 
q;,/ 3,7 from right to left. More precisely, there are increasing functions / and g such that, given 
7 , whenever we choose (3 < 7 ( 7 ) and a < g{l3), all calculations needed in our proof are valid. 
Hierarchies of other lengths are defined in the obvious way. 

2.2. Overview of the proof of Theorem II.IL In the next subsection we will combine the three 
main lemmas of the paper to prove Theorem ll.il Before this we give an overview of the proof. It is 
instructive to first describe the strategy used in [15] to prove the asymptotic version of Theorem ll.il 

Let 0 < e <C 7 <C 7 and n be sufficiently large. Suppose that LI is a 3-graph on n vertices where 
h 2 {H) > (1/2 -|- r])n. The proof in [15] splits into two main tasks. 

• Step 1 (Absorbing set): Find an absorbing set W C V{H) such that |1T1 < yn. W has 
the property that given any set U C V{H) \ W where 1/ G 4N and \U\ < en, both H[W] 
and H[W U U] contain iL^-factors. 

• Step 2 (Almost tiling): Let H' \= H\ W. Find a A^-tiling X in H' that covers all but 
at most en vertices. 

Note that after Steps 1 and 2 one immediately obtains a A^-factor in H. Indeed, let U := 
V{H') \ VQC). Then H\W U U] contains a A^-factor X' and so /C U /C' is a A^j-factor in H. 

To show that H contains the desired absorbing set W, Lemma 1.1 in |15j implies that it suffices 
to show that H is closed. Roughly speaking, H is closed if, for any x,y & V{H), there are many 
small sets S C V{H) such that both H[S U x\ and H[S U y] contain A^-factors (see Section [5] for 
the formal definition). Using that 62 (H) > (1/2 -|- r])n, it is not too difficult to show that there is 
a partition of V(H) into at most three parts such that each of these partition classes is closed. So 
a key task in m is to ‘merge’ these closed classes into a single closed class. For this, it suffices 
to show that are many ‘bridges’ between the partition classes (see Lemma l5.3|) : An (A, y)-bridge 
is a triple (x,y,S) where x G X, y G Y and S C V(H) such that H[S U x] and H[S U y] contain 
A^j-factors. This is precisely the strategy used in [15] to prove that H is closed, and thus contains 
an absorbing set W. A short argument then shows that, since 62 {H') > (1/2 -|- rj/2)n, H' contains 
an almost perfect A^-tiling, as desired. 

We now turn to our proof of Theorem 11.11 Let A be a sufficiently large 3-graph on n vertices 
where 62 (H) > nj^ — 1. If A is close to the extremal example B[A,B] then it is not clear whether 
one can find an absorbing set in A. Indeed, let A* := B\A,B] where |A| = |A| = re/2. Suppose 
that U C B where \U\ = 4. Consider any W C V(H*) such that H*[W] contains a A^j-factor. 
Then it is easy to see that \W n A| = 0 mod 3. However, for any such set W, H*[W U U] does not 
contain a A^j-factor as |(1T U U) (1 B\ = 1 mod 3. 

Thus, in the case when A is close to the extremal example B\A, B] we do not use the absorbing 
method. Instead, in Section 0 we give a direct argument to show that A contains a A^-factor. In 
the case when A is non-extremal we follow Steps 1 and 2 as above. However, since we now only 
have that 62 (H) > nj^ — 1, the argument becomes significantly more involved. 
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To find an absorbing set when H is non-extremal we again show that H is closed. Suppose 
that there exists x G V{H) such that there are very few edges abc G E{H) so that obex spans a 
copy of in H. In this case we give a direct argument to show that H contains an absorbing 
set (see Lemma l5.6jl . Otherwise, we show that our minimum codegree ensures that V{H) can be 
partitioned into at most four sets such that each is closed in H (see Lemma 15.91) . We again merge 
these sets into a single closed class by finding many bridges between the sets. For this, we use that 
if H is non-extremal then in any partition A, B of V{H) with 1^41, \B\ > re/5, we have many edges 
that intersect A in precisely 1 vertex and many edges that intersect A at precisely 2 vertices (see 
Lemma [3.3p . The process of proving that non-extremal 3-graphs H are closed is quite involved and 
forms the heart of the paper (most of Section [5] is devoted to this task). 

In Section 0] we tackle Step 2 for non-extremal 3-graphs H. Our lower minimum codegree 
condition means that we cannot use the argument from |15j here. Instead, we translate the problem 
to one on almost perfect matchings in hypergraphs. We then (somewhat carefully) apply a result 
of Keevash and Mycroft [H] to obtain an almost perfect matching in some auxiliary hypergraph 
whose 4-edges correspond to copies of in H'. Thus, we obtain an almost perfect in 

H'. 

2.3. Proof of Theorem II.11 As outlined in the previous subsection, the proof of Theorem 11.11 
consists of three main parts: the extremal case; obtaining an absorbing set in the non-extremal 
case; and finding an almost perfect tiling in the non-extremal case. 

Our first lemma deals with the latter part. In fact, it implies that H has an almost perfect 
iL^^-tiling even if 52 (H) is (slightly) less than re/ 2 . 

Lemma 2.1. Let 1/re <C </ <C 7 ^ 1. Let H be a 3-graph on re vertices with 62 (H) > (1/2 — 'y)n. 
Then H contains a -tiling covering all but at most epn vertices. 

The next result yields the absorbing set in the non-extremal case. 

Lemma 2.2. Let l/re<C(/><Ce<C 7 <Cl. Let H be a 3-graph of order re with 52 (H) > (lf2 — 'y)n. 
Suppose that H is not 3'y-extremal. Then there exists an absorbing set W OV(H) of order at most 
ere so that for any U C V(H) \ W with \U\ < fn and \U\ G 4N, both H\W] and H[IJ U W] contain 
Kf -factors. 

If H is extremal, then we will find a iL^-factor using the following lemma. 

Lemma 2.3. There exist 7 > 0 and reo G N such that the following holds. Suppose that H is a 
3-graph on n > no vertices where re is divisible by 4. If 52 (H) > re/2 — 1 and H is 'y-extremal, then 
H contains a Kf -factor. 

Theorem 11.11 now follows easily from Lemmas I2.1H2.3I 

Proof of Theorem M.R Let l/re<C<^<Ce<C 7 <C 1 with re G 4N. Let LI be a 3-graph of order re 
with 62 (H) > re/2 — 1. If LL is 37 -extremal, then by Lemma 12.31 LL contains a K'^-i&ciox. 

Therefore, we may assume that H is not 37 -extremal. By Lemma l2.21 there exists an absorbing 
set W C V(H) of order at most ere so that for any U C V(H) \ W with \U\ < fn and \U\ G 4N, 
both LL[1T] and H[Lf U W] contain iL^-factors. Let H' := H \ W. Note that re' := \H'\ > (1 — e)re 
and 62 (H') > nj^ — 1 — ere > (1/2 — 2e)re'. By Lemma l2.11 H' contains a LL^-tiling A4i covering 
all but at most 4>n' vertices. Let U := V(H') \ V(Mi). Since \U\ < 4>n' < (/re, H\U U W] contains 
a iL47-factor M. 2 . Then A4i U M .2 is a LL^-factor in H, as desired. □ 

3. Useful results 

We will need the following result, which follows immediately from a theorem of Baber and Tal¬ 
bot [H Theorem 2.2] and the supersaturation phenomenon discovered by Erdos and Simonovits [ 6 ]. 
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Proposition 3.1. There exist a constant c' > 0 and an integer n' such that every 3-graph H of 
order n>n' with e{H) > 0.8(3) contains at least c'n^ copies of Kf. 

Let H he a 3-graph of order n. For any 3-set T C V{H), let Lh{T), or simply L{T), be 
the set of vertices v such that H[T U f] contains a copy of . If T = xyz G E{H), then 
L{T) = {N{xy) n N{yz)) U {N{xy) n N{xz)) U {N{yz) fl N{xz)). The following proposition gives a 
lower bound on such |L(r)|. 

Proposition 3.2. [151 Proposition 2.1] Let H be a 3-graph of order n. Then for every edge e = xyz 
and any U C V{H), \L{e) n I7| > {deg{xy, U) -\- deg{yz, U) -\- deg{xz, U) — \U\)/2. 

Let H he a 3-graph and let Vi, V 2 , V 3 CV(H). We say that an edge V 1 V 2 V 3 € E{H) is an V 1 V 2 V 3 - 
edge if Vi G Vi for all i G [3]. We denote by e/f (P1V2V3) the number of ViV2L3-edges. The following 
simple result will be applied in the proof of the non-extremal case of Theorem ll.il We remark that 
the property guaranteed by Lemma 13.31 is in fact the only property of non-extremalness that will 
be used in the proof of Lemma 12.21 (and thus in the entire proof of Theorem ll.il) . 


Lemma 3.3. Let 0 < 1/n <C 7 < 1/100. Suppose that H is a 3-graph of order n where 52{H) > 
(1/2 — 7)n. Let X,Y be any bipartition of V{H) where |X|, \Y\ > nj'a. If H is not 3^-extremal, 
then there exist at least 7^n^ XXY-edges and at least XYY-edges. 


Proof. Suppose that H contains fewer than 7^n^ XXT-edges. We will show that H is 37-extremal. 
(The case when H contains fewer than 7^n^ XyP-edges is analogous.) We have Ylx x'ex = 

T.x,x'ex X)\ + J2x,x'gx \N{xx', y)| and Ex.x'ex \N{xx', Y)\ < Since 62{H) > ( 1/2 - 

7)n, we have J 2 x,x'ex ^ ('?)(l /2 - 7 )«- So we get 3 e{X) = Ex.x'ex ^ 

(l'^l)(l /2 — 7)n — 7^n^. Therefore, e{X) > ( 1/2 — 27)71 and in particular, |X| > ( 1/2 —27)77. 

Since 'Zxex,y& Wixy)\ = 2 e{XXY) + 2 e(Xyy), we derive that eiXYY) > i|y||y|(l /2 - 
7)77 — 7^77^ similarly. Since \X\, |y| > n/ 5 , we get e{XYY) > ^|X||y|(l /2 —27)77 and in particular, 
|y| > (1/2 - 27)77. 

Therefore we have ( 1/2 — 2 y)n < |y|, |y| < ( 1 / 2 - 1 - 27)77. This implies that 


eiX)> 


1 


X| 

2 


(1/2 - 27)77 > 


1 fix 


\ (1/2-27) 

2 J (1/2 + 27)' ' 


> (1 - 87) 


1^1 

3 


A similar calculation shows e{XYY) > (1 — 87)|X|(^^^). This implies that \E{B[X,Y]) \ E{H)\ < 
87(3). After moving at most 2yn vertices from X to y or from Y to X, we obtain a bipartition 

\Y'\ = [77/2]. Then|F;(i3[X',y'])\.F(.6[X,y])| < 2777(’"2^). 


X', Y' of V{H) such that |X'| = [77/2J, 
Consequently 


\E{B[X', y'j) \ E{H)\ < \EiB[r, y'j) \ E{B[X, y])| + \E{B[X, Y]) \ EiH)\ 


f n — l\ f n\ 

<27n( 2 )+ 87 ( 3 ) 


< 3777^. 


Therefore H is 37-extremal. 


□ 


Proposition 3.4. Let /3 > 0 and H be a 3-graph of order n. Let X,Y be a partition ofV{H). 
Suppose that there are at most (^^^) copies of with two vertices in X and two vertices in 

Y. Then 

(|y| - i)e(xxy) + (|x| - i)e(xyy) < 2(1 + /3) (1^1) ^• 

Proof. Observe that E^('S) = (|^| — l)e(XXy) -|- (|X| — l)e(Xyy), where the sum is over all 
4-sets S such that [S' D X| = [S' D y| = 2. Our assumption is that there are at most /3(^^^) (^^^) 
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4-sets S such that |S'nX| = |5ny| and e{S) > 3. So we have ^ e{S) < (^p) = 

2(1+ /3)('2')('?)• ° 


4. Almost -tiling 

In this section, we prove Lemma l2 .1 1 which implies that any 3-graph H with minimum codegree 
slightly less than that in Theorem II.II must contain an almost perfect A^-tiling. 

The key tool in the proof of Lemma [2.II is a result of Keevash and Mycroft [11] on almost perfect 
matchings in hypergraphs. Before we can state this result, we need the following terminology. 
For an integer k, a k-system is a hypergraph J in which every edge of J has size at most k and 
0 E E{J). We call an edge of size s in J an s-edge. Let Jg be the s-graph on V{J) induced 
by all s-edges of J. The minimum r-degree of J, denoted by 6 r{J), is the minimum degj^^^(e) 
among all e E E{Jr). (Note that this is different from 6 r{Jr+i), which is the minimum degj^^^{S) 
among all r-sets S C V{J).) The degree sequence of J is 6 {J) = {6o{J), 6i{J),... Given 

ao, oi,..., Ok-i > 0 we write 6 {J) > (uq, oi,..., ak-i) to mean that 6 i{J) > ai for all i. 

We will apply the following special case of Lemma 7.6 from m- 

Lemma 4.1. Suppose that l/n<Ci;f><C 7 <C/S, 1/fc. Let V he a set of size n. Suppose that J is a 
k-system on V such that 

(i) (5(J) > (n, (^ - 7 )n, (^ - 7 )n, • • •, (| - l)n) and 

(ii) for any p E [A; — 1] and set S CV with S = [pn/k\, we have e(Jp+i[S']) > 

Then contains a matching M which covers all but at most cpn vertices of J. 

We now prove Lemma 12.11 by defining a 4-system J such that 

(4.1) E{jQ) = {tb],E{J^) = V{H),E{J2)= (^^^^'^,E{J3) = E{H), emd E{J^) = ICf {H), 

where ICf {H) denotes the set of 4-tuples in V{H) that span a copy of in H. If J satisfies the 
hypothesis of Lemma [4.11 then we are done. Otherwise, we deduce some structural properties of 77, 
update J appropriately and apply Lemma 14.11 again. 

Proof of Lemma \2.1[ Define l/n<C(/)'C 7 <C/ 3 <Cc' where c' is the constant from Proposition 13. II 
Let H be as in the statement of the lemma and V := V{H). Define a 4-system J as in (|4.1I) . By 
Proposition 13.21 5^{J) > (1/4 — 37 / 2 )n. Hence 6 {J) > (n, n — 1, (1/2 — 7 ) 71 , (1/4 — 37 / 2 )n). If 
Lemma l4.11 ii) holds, then J 4 contains a matching M which covers all but (fn vertices of J thereby 
proving the lemma. 

Thus we may assume that there exist some p E [3] and a set S' C 1/ with S = [pn/dj where 
e(Jp+i[S]) < We note that p / 1,3. Indeed, for any S of size [n/4j, we have e(J 2 [S]) = 

(^ 2 ^) > /3n^. Now consider any SCI/ such that |S| = [3n/4j. Note that 52 ( 77 [S]) > d 2 {H) — 
\n/A\ > (1/4 — 27)77 >> 0.3|S|. Proposition 13.11 therefore implies that e(J 4 [S]) > c'|S|^ > So 
we must have that p = 2. 

Let S C 1/ be such that |S| = [n/2j and e(J 3 [S]) = e(77[S]) < f3n^. In general, for any setUCV 
with \U\ = [n/2\ and e{H[S]) < /3n^, we call a pair xy E (^) U-good if degfj^jj^lxy) < (and 

so degjj{xy,V \U) > (1/2 — 7 — 3 / 3 ^/^) 77 ). Then at most pairs xy E (^) are not U-good. 

We call a triple xyz E (^) U-good if every pair in xyz is 17-good. Note that 

(a) for any IT C 17, at least (1'^^) — / 3 ^/^ 77 ^(|lT| — 2) triples of IT are 17-good; 

(b) for any 17-good triple T = xyz, |L(T)| > | (Nnixy) Ci Nnixz) D Nnigz)) n (T \ 17)| > 
( 1/2 - 10/3^/2)n. 
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Define a 4-system J' obtained from J by adding all 5-good triples that are not edges of H 
to the edge set. Because of (b), we have degj/(T) > (1/2 — 10/3^/^)n > (1/4 — 37 / 2 )n. Thus 
^{J') > (n, n — 1, (1/2 — 7 )n, (1/4 — 37 / 2 )n). Since J C J', J' satisfies Lemma HTl iil for p = 1,3. If 
J' also satisfies Lemma l4.1lf iii for p = 2, then Lemma l4.II gives a matching in J 4 = J 4 which covers 
all but 4>n vertices, proving the lemma. Otherwise, there exists S' OV such that \S'\ = [n/ 2 j and 
e(J 3 [ 5 ']) < /3n^. We claim that \S' 0 5| < 3/3^/‘^n - otherwise by (a), the number of 5-good triples 
in 5' n 5 is at least 

|^3/3V4n^ _ ^ 1 / 2^2 . ^ 3 ^ 1 / 4 ^ _ 2 ) > 
implying that e(J 3 [ 5 ']) > /3n^, a contradiction. 

Define a 4-system J* obtained from J' by adding all 5Lgood triples that are not in J'. Once 
again, we have 5{J*) > {n,n — l,(l/2 — 7 )n, (1/4 — 3j/2)n) by (b). Since J C J*, J* satisfies 
Lemma inT iil for p = 1,3. Consider a set 5* C 1/ with |5*| = L^/2j. As |5| = |5'| = [n/2j and 
|5' n 5| < 3/3^/^n, we have |5' U 5| > n — 3/3^/^n — 1. Thus 5* contains at least n /6 vertices from 5 
or at least n /6 vertices from S'\S. In either case, since J* contains all 5-good and 5'-good triples, 
we have e(J|[5*]) > ("' 3 ®) — /3^/^n^ • n /6 > /3n^. So J* satisfies Lemma ICT iil for p = 2. Therefore 
J 4 = J 4 contains a matching M which covers all but (pn vertices, proving the lemma. □ 

5. The absorbing lemma 

In this section we prove Lemma 12.21 which is an absorbing result for the case when H is not 
37 -extremal. For this, we need the following terminology. Let LI be a 3-graph of order n. Given an 
integer c > 1 and vertices x,y £ V{H), we say that the vertex set 5 C V{H) is an {x,y)-connector 
of length c if Sri{x,y} = 0, |5| =4c—1 and both LI[5Ux] andII[5Uy] contain iL^^-factors. Given 
an integer c > 1 and a constant 7 > 0 , two vertices x,y £ V^H) are {c,p)-close to each other if 
there exist at least (x, y)-connectors of length c in H. For x £ V{H), we denote by Nc,r]{x) 

the set of vertices y in H that are (c, 7 )-close to x. A subset U C V{H) is said to be {c,r])-closed 
in H if any two vertices in U are (c, 7 )-close to each other. If V{H) is (c, 7 )-closed in H then we 
simply say that H is {c,p)-closed. 

Given X C V{H), X being (c, 7 )-closed in H is not the same notion as H\X] being (c, 7 )-closed. 
Indeed, the former implies that between any x,y £ X there are at least (x,y)-connectors of 

length c in H. On the other hand, the latter implies that between any x,y £ X there are at least 
(x, y)-connectors of length c in II[A]. 

Given an integer c > 1 and X,Y C V{H), a triple (x,y,5) is an {X,Y)-bridge of length c if 
x £ X, y £ Y and 5 is an (x, y)-connector of length c. 

We will apply the following two results from m- The hrst, a special case of Lemma 1.1 from |16] . 
states that if H itself is (c, 7 )-closed then H contains a small absorbing set. 

Lemma 5.1. [16] Let 0 < 1/n <C </> <C e ^ 7 ,1/c. Let H be a 3-graph of order n. Suppose that 
H is {c,r])-closed. Then there exists an absorbing set W C V{H) of order at most en such that 
|IF| E 4N and for any U C V{H) \ W such that \U\ < pn and \U\ £ 4N, H[W] and H[UVdW] have 
-factors. 

The next result is a special case of Proposition 2.1 from m- 

Proposition 5.2. [T 6 | Let 0 < 1/n <C 7 ^ 7 ,e, 1/c with c € N. Suppose H is a 3-graph of order 

n and there exists a vertex x £ V{H) with |W^^(x)| > en. Then Nc^rjix) C Nc+i^r]'ix). 

The proof of the next simple result is similar to that of Lemma 2.2 from [16] (so we omit it). It 
states that if one has two disjoint ‘closed’ sets X and T in H and H contains many (X, y)-bridges, 
then in fact A U T is closed. 
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Lemma 5.3. Let 0 < 1/n <C <C rj,£, Ijc, 1/p with c,p G N. Let H he a 3-graph of order n. Let 
X,Y <ZV(H) be disjoint such that both X and Y are (c, rj)-closed in H. Suppose further there exist 
at least {X, Y)-bridges of length p. ThenXUY is {2c + p,ri')-closed in H. 


The following result gives another condition that ensures we can ‘merge’ two closed sets Vi,V 2 
into a larger closed set ViUV 2 - 


Lemma 5.4. Let 0 < 1/n <C V ^ hX^^/c with c G N. Let H be a 3-graph of order n. Let 
Vi,..., Vd be disjoint subsets of V (H) such that 2 < d < 4 and each Vi is (c, r])-closed in H . Let 
ai,... ,ad be non-negative integers such that ai > 1 and ^ a* = 4. Suppose there exist at least en^ 
copies F of in H such that 114(F) r\Vi\ = a* for all i G [d] and there exist at least en^ copies 
F’ ofKf/ in H such that |14(F') n Fi| = ai - 1, \V{F’) n F 2 I = 02 + 1 and\V{F') n Vf = aj for all 
3 < j < d. Then Vi U V 2 is (5c + 1, r]')-closed in H. 


Proof. Let rj” be such that p' <C p” <C p,£,l/c. Consider any vertex-disjoint copies F, F' of 
in H such that 1 14(F) H V)| = a* for all i G [d] and |14(F') H 14i| = ai -|- 1, |14(F') H 142 | = 02 — 1 and 
|14(F') n V^j = aj for all 3 < j < d. Note that there are at least (en^/2)^ choices of (F, F'). Let 
14(F) = {x,xi,X 2 ,X 3 } and V{F') = {y,yi,y 2 )d 3 } such that x G Vi, y G V 2 and for each j G [3], 
Xj^Pj G 14j^. for some ij. For each j G [3], V^. is (c, r 7 )-closed. Therefore, there exist 5i, 52,^3 such 
that each Sj is an {xj , pj )-connector of length c and 14(F), 14(F'), 5i, ^ 2 , ^3 are vertex-disjoint. Note 
that there are at least {pn^‘^~^/2)^ choices of (Si, S 2 , S 3 ). Set S := {xi, X 2 , X 3 , yi, y 2 ) y 3 }USiUS 2 US 3 . 
Note that S is a (x, y)-connector of length 3c-|- 1 . Indeed, F[xUS] V F’UlJj-gjgj F[[yjL)Sj] has a Kf- 
factor, and similarly F[y U S] has a F^-factor. Thus (x, y, S) is a (Vi, 142 )-bridge of length 3c -|- 1. 
Hence, we have at least 


1 

(4(3c + l) + l)! 





(14i, 142)-bridges of length 3c -|- 1. By Lemma14i U 142 is (5c -|- 1, y')-closed in H. □ 


5.1. There exists a vertex v G V{H) such that v G L{e) for very few edges e G E{H). Let 
id be a 3-graph satisfying the hypothesis of Lemma 12.21 Suppose further that there exists a vertex 
V G 14(F) such that there are at most en^ edges e such that v G L{e) (that is, e U c spans at least 
three edges). In Lemma 15.61 we show that there exists a small set Vq C V{H) such that F[l/o] 
contains a F^-factor and F \ Vq is (6, r 7 *)-closed for some constant y* > 0. First we will need the 
following result for graphs. 

Proposition 5.5. Let n G N and 0 < 7 < 1/20. Let G be a graph of order n with (1/2 — p)n < 
6 {G) < A(G) < 3n/5. Suppose that |F(x)AF(y)| < yn for every edge xy G E{G). Then there 
exists a bipartition X,Y ofV{G) such that (5(G[F]), (5(G[y]) > (1/2 — 57)71 and (1/2 — 5p)n < 
|F|,|y| < ( 1 / 2 -^ 57 ) 77 . 

Proof. Let F, T be a bipartition of V{G) such that e{X,Y) is minimised. First we show that 
e{X,Y) < 3777 ^/ 5 . Consider a vertex xq G V{G). Let Xq := N{xo) U xq and Yq := V{G) \ Xq. 
Note that 

(5.1) e{X,Y) < e(Fo,lo) < ^ |F(x)AF(xo)| < deg(xo)777 < 3777 ^/ 5 , 

x€N{xo) 

as claimed. 

Suppose there exists v G 14(G) such that deg(x, F), deg(7;, T) > 4777 . Without loss of generality, 
assume that deg(c,F) > deg(7;)/2 > n/5. For each w G N{v,X), we have 

deg(7c, Y) > |F(77;) C F(7;) C T] > deg(7;, Y) — |F(7;)AF(7c)| > 3'yn, 
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as |iV(ti)AA^(i(;)| < ^n. Thus e{X,Y) > 3 deg(u,X) 7 n > ‘i'yn?/b contradicting (|5.ip . Therefore, 
for all V E V{G), either deg(u,X) < 47 n or deg(u,y) < 47 n. Since e{X,Y) is minimal, we have 
5(G[X]),5(G[y]) > (l/2-57)n. □ 

Define 7 * > 0 to be the constant r]' obtained by applying Lemma 15.41 with 1/30, 1/128 and 1 
playing the roles of 7 , e and c, respectively. 

Lemma 5.6. For 0<l/n<Ce<C7<Cl, let H be a 3-graph of order n with <52 (Lf) > (1/2 — 7 )n. 
Suppose there exists a vertex v E V{H) such that there are less than en^ edges e E E{H) such 
that V E L{e). Then there exists Vq C V{H) of order at most 8 ^n such that Lf[Vo] contains a 
Kf-factor and H\Vo is { 6 , rj^)-closed. 

Here is a sketch of our proof. First we show that there exists a partition X, Y, Vq such that Lf [Vq] 
contains a iL^-factor and almost all XXY- and TTX-edges exist. We then show that both X and 

Y are (1, l/30)-closed in H[X UY], Furthermore, we show that there are many copies F, F' of 
such that \V{F)r]X\ = 3, \V{F)nY\ = 1 and \V{F')nX\ = 2 = \V{F')nY\. Then by Lemma Ell 
H[X U Y] is ( 6 , 7 *)-closed. 

Proof of Lemma \5.6\ . Set G := Ly. Then 52 {H) > (1/2 — 7 )n implies that 5{G) > (1/2 — ^)n. We 
say that an edge uw E E{G) is good if \Ng{u) fl Nh{uw)\ < 3y/en and \Ng{w) n Nh{uw)\ < 3^/en, 
otherwise we call it bad. 

Claim 5.7. 

(i) There are at most ^r? bad edges in G. 

(ii) If u £ V{G) is incident with a good edge, then degQ(u) < ( 1/2 + 7 + 3y/e)n. 

Proof of claim. For each bad edge uw, there are at least 3y/en edges e of H such that uw C e and 
e contains at least two edges in G. Moreover, v E L{e). Thus there are at least 3y/en edges e of 
H \ {u} such that uw C e and v E L{e). If there are at least ^/sn‘^ bad edges, then there are at 
least • 3^/en = edges e E E{H) such that v E L{e), contradicting the assumption. Thus 

(i) holds. 

Suppose that u G V(G) is incident with a good edge uw in G. Note that 
3y/en > \Ng{u) n Nh{uw)\ > degQiu) + degjj{uw) — n. 

Since d 2 {H) > ( 1/2 — 7 )n, (ii) holds. □ 

Let Vq be the set of vertices u £ V(G) that are incident to at least bad edges in G. Since 
there are at most y/sn'^ bad edges, |V)(| < 2yfen. By the greedy algorithm and Proposition 13.21 
there exists a vertex set Vq Vq such that FI[Vb] contains a K'^-ia.ctoi and | VqI < 8 yfen. By pairing 

V with a vertex in Vq, we can ensure that v £Vq. 

Set V' := V{H)\Vo and n' := |W|. Let H' := H[V'], so 62 {H') > (l/ 2 - 7 - 8 ^)n > (l/ 2 - 27 )n'. 
Let G' be the spanning subgraph of G \ Vq induced by the good edges. Note that for all u £ V', 

degQ/{u) > d{G) — |Vb| ~ > (1/2 — 7 — 9^)n > ( 1/2 — 2'y)n' 

and by Claim iTTl iiL degc'/(u) < ( 1/2 + 7 + 3y/£)n < ( 1/2 + 2'^)n'. Since each edge uw in G' is 
good, we have 

(5.2) \Ng'{u) n Nhi{uw)\ < 3y/en < 4y/en' 

and so \Ng'{u) U NH'iuw)\ > 2(1/2 — 2j)n' — 4y/en'. Consequently 

l^G'iu) \Ng'{w)\ = \ {NG'iu) \NGfw)) \NH'iuw)\ + |(A^g'(^^) \Ng'{w)) r\NHfuw)\ 

< \ V{H') \ {Ng'{w) U Nh'{uw))\ + \Ng'{u) n Nh'{uw)\ 

< {n' — 2(1/2 — 2'y)n' + 4y/en ) + 4y/en < b'yn . 
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Similarly, we have \ < Syn'. Thus |A'"G'/(u)AA^G'('(i')| < lOyn'. 

Applying Proposition 15.51 to G' we obtain a bipartition X UY of P' such that (1/2 — 507 )re' < 
|A|,|y| < (l/ 2 + 507 )n'and( 5 (G'[A:]) > (l/ 2 - 507 )n' > ( 1 - 2007 )|A:| and(5(G'[y]) > (l- 2007 )|y|. 
Consider any edge uw in G'[X]. Observe that 

l-A \ Ngi{u)\ < |A| — degG'(u,X) < (1/2 + 507 )n^ — (1/2 — 507 )n' < lOOyn/ 

So by (j5.2p . 

diegui{uw,Y) = degfjr (uw) — degX) 

> (1/2 - 27)n' - i\X \ NG'iu)\ + \Ng'{u) O iV//'(«^«)l) 

> (1/2 - 27 - IOO 7 - A^/e)n' 

(5.3) > (1/2- 1037)n'> (1 -4007)1^1, 

as |y| < ( 1/2 + 507 ) 71 '. Therefore, 

eH'{XXY)> degj:,,(uu;,y)>e(G'[X])(l-4007)1+1 

uweE{G'[X]) 

(5.4) > (1 - 2007)(1 - 4007)|X|2|y|/2 > (1 - 6007)|Xp|y|/2 
as (5(G'[A]) > (1 - 2007 )|X|. 

Note that for every 3-set T C X that forms a triangle in G'[A], (15.3p implies that 

(5.5) |L(T) ny| > (1 - i 2007 )|y|. 

Recall that 5(G'[A]) > (1 — 2007 )|X|. So there are at least (1 — 2007 )( 1 — 4007)(^'^^)(1 — 12007 )|y| > 
n^/128 copies of in H' with three vertices in X and one in +. 

We now show that X is (1, l/30)-closed in H'. Let x,x' be two distinct vertices in X. Since 
5{G'[X]) > (1 — 2007 )|X|, there are at least (1— 4007 )|X |(1 — 6007 )|A |/2 > n^/10 choices ofxi,X 2 E 
X such that both xxiX 2 and x'xiX 2 form triangles in G'. Let Z := Lh’{XX 1 X 2 ) 0 Lh'{x'X 1 X 2 ) H +. 
Thus |y| > (1 — 24007 )|y| > n/3 by (|5.5p . Notice that for each z ^ Z, X 1 X 2 Z is an (x, x')-connector 
of length 1 in H'. Thus, we get at least n^/30 (x, x')-connectors of length 1, that is, x and x' are 
(1, l/30)-close in H'. Therefore, X is (1, l/30)-closed in H' as required. 

By a similar argument, we have that + is (1, l/30)-closed in H' and eu'iXYY) > (1— 6007 )|X||yp/ 2 . 
Together with ()5.4p . we have 

(|y| - l)eH'{XXY) + (|A| - l)eH'{XYY) > 4(1 - 6007 )('|') 2 ')' 

By Proposition 13.41 there are at least (1 — 12007 )(l^l) (^p) > n^/128 copies of in H' with two 
vertices in each of X and +. Recall that there are at least n^/128 copies of K'^ in H' with three 
vertices in X and one in +. Lemma 15.41 implies that X U T is ( 6 , T/*)-closed in H', as desired. □ 

5.2. Partitioning V{H) into (c, 7 )-closed components. Because of Lemma 15.61 we may assume 
that for every v G V{H), there are at least en^ edges e such that v € L{e). Recall that Nc,r]{v) 
is the set of vertices that are (c, 7 )-close to v in H. First we show that is large for each 

V G V{H). 

Proposition 5.8. Let n G N and 0 < 6,7 < 1. Let H be a 3-graph of order n with 52{H) > 
(1/2 — 7 )n. Let v G V{H). Suppose that there are at least en^ edges e G E{H) such that v G L{e). 
Then |Xi^.y£(u)| > (1/4 — 87 ) 77 . 
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Proof. Let E' C E{H) be the set of edges e such that v G L{e). By Proposition 13.21 for every edge 
e G E', \L{e)\ > (1/4 — 2'^)n. Thus, we have 

^|L(e)|>|S'|(l/4-27)n. 

e&E' 

For any e & E' and any u G L{e) \ {u}, e is an (u, u)-connector of length 1. Hence, if u 7^ u is a 

vertex in V{H) and there are at least yen^ edges e G E' such that u G L(e), then u G 

Thus 

^ |L(e)| < \Ni^^^{v)\\E'\ + n-7en^ < +7n)|F;'| 

eeE' 

as \E'\ > erfi. Therefore, we have |> (1/4 — 3"f)n. □ 

Next we show that V{H) can be partitioned into at most 4 parts such that each part is (16,7)- 
closed in H. 


Lemma 5.9. Let 0 < 1/n <C 7 £,7 1. Suppose El is a 3-graph of order n such that 

|iVi^.ye(u)| > (1/4 — 37)n for every v G V{H). Then there is a partition V = {Pi,..., V^} ofV{H) 
such that d < 4 and each p is {16, r])-closed in H and |p| > (1/4 — 47)77,. 


Proof. Let a, 70,7i) 72,73,74 be such that a <C 7, 70 := £7 and 

I/ti <C 7 = 74 <C 73 < 72 < 7i < 7o, «■ 


Throughout this proof, for v G V{H) and i G [4], we write A^2hr?i(^) A^2®(^) short. By 

assumption, for any v G V{H), |iV2o(^)l = l-^i,)7o('^)l — “ 37)77. We also write 2*-close 

(respectively 2®-closed) for (2*, 7j)-close (respectively (2*, 7i)-closed). By Proposition 15.21 and the 
choice of the 7jS, we may assume that N 2 i{v) C N 2 i+i{v) for all 0 < 7 < 3 and all v G V{H). Hence, 
if IF C V{H) is 2*-closed in H for some i < 4, then W is 2^-closed in H. 

Since |iV2o(7;)| > (1/4 — 37)77 for any v G V{H), any set of five vertices in V{H) contains two 
vertices u,v such that |iV2o(u) n iV2o(7;)| > (5(1/4 — 37)77 — 77)/(2) > 77/50. Thus the number of 
(77,7;)-connectors of length 2 in Lf is at least 

77/50 • (7077^ — 77^) • (7077^ — 4 : 77 ^) > 7177’^, 


which implies that u and v are 2^-close to each other in H. Also we may assume that there are 
two vertices that are not 2^-close to each other, as otherwise H is 2^-closed and lemma holds 
with V = {V{H)}. 

Let d be the largest integer such that there exist vi,... ,Vd G V {H) such that no pair of them are 
26-d-ciose to each other. Note that d exists by our assumption and 2 < d < 4 by our observation. 
Fix such vi,...,Vd G V{H), by Proposition 15.2( we can assume that any two of them are not 
25-d_ciose to each other. Consider N 2 s-d{vi) for all 7 G [d]. We have the following facts. 

(i) Any v G V{H) \ {771,. .. , Vd } must be in N 25 -d{vi) for some i G [d]. 

(ii) For any i / j, |iV25-d(7;j) n N 26 -d{vj)\ < an. 

Note that if (i) fails for some v gV (El), then v,vi,... ,Vd contradicts the definition of d. If (ii) fails 
with \N25-d{vi) n iV25-d(7;2)| > an say, then the number of (771,7;2)-connectors S of length 2®“'^ of 
the form S' = 2; U 5i U S2, where z G N25-d{vi) C N25-d{v2) and for 7 = 1,2, Sj is a {vi, 2;)-connector 
of length 2 ^~^, is at least 


1 

, g , - rrOtn 

(26-<i4_ 1)1 


V5-dn _ 

2 


2 


> 76-d77 


26-44-1 


This implies that 77i and V 2 are 2® '^-close in H, a contradiction. 
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For each i G [d], let Ui := {N 2 ^-d{vi) U Vi) \ UjG[d]\{i} N 25 -d{vj). Note that each Ui is 2® ‘^-closed 
in H. Indeed, if there exist ui,U 2 G Ui that are not 2®“'^-close to each other, then {^ 1 ,^ 2 } U 
({t!i,..., Vd} \ {I’i}) contradicts the definition of d. 

Let Uo := V{H) \ {Ui U • • • U Ud)- By (i) and (ii), we have |Lo| < ( 2 )'^^- partition Uq into 
i7o,i) • • •) as follows. For each v G Uq, since |iV 2 o(f) \Uq\ > (1/4 — 37 ) 77 . — |Lo| > dan, there 
exists i G [d] such that |A^ 2 o(^) Fl Ui\ > an. In this case we add v to C/o,i (we add v to an arbitrary 
17o,i if there are more than one such i). 

Let V = {Vi,... ,Vd} be the partition of V{H) such that Fj = 17* U t/o,i for all i G [d]. Let 
r]Q-d 1 ]" <C 7 ^ <C rj^-d- Consider any i G [d] and any v G t7o,i- Since |iV 2 o( 7 ;) H Ui\ > an, it is 
easy to see that 17* U u is (2^““^ + 1, r/')-closed. Similarly, [7* U {v,v'} is ( 2 ® “* + 2 , ? 7 ")-closed for 
any v,v' G TIq,*- Thus each F is (2®“'^ + 2, T/")-closed, so 2Fclosed by Proposition 15.21 Further, 
|F| > |t7*l > (1/4 - 37)n - (2)an > (1/4 - 47 ) 71 . □ 

5.3. Proof of Lemma 12.21 By Lemma 15.91 there is a partition V = {Vi ,..., Vd} of V(H) such 
that d < 4 and each F is (16,r/)-closed in H and |F| > (1/4 — 47 ) 77 . Our new goal is to find 
many (F, F)"f’^i‘^Ses for some i ^ j so that we can apply Lemma [531 to reduce that number of 
(c, 7 ^)-closed components of V{H). The following lemma is crucial in proving Lemma 12.21 we defer 
its proof to Section 15.41 

For any Ui,U 2 ,U 3 ,U 4 C V{H), we say that a copy F of is of type U 1 U 2 U 3 U 4 . if there is an 
ordering ui, 772 , U 3,774 of F(F) such that 77 * G Ui for all 7 G [4]. 

Lemma 5.10. Let 0 < 1/n p' s,r] j < p 1/c. Let H be a 3-graph of order n with 
<^ 2 ( 77 ) > ( 1/2 — 7 ) 77 . Suppose that there is a partition V = {Fi,..., Vd} ofV{H) sueh that 2 < d < 4 
and each Vi is {c,r])-closed in H and |F| > (1/4 — 47 ) 77 . Suppose that there are not necessarily 
distinct 7i, 72,FF4 £ [d] such that { 71 , 72 } O { 73 F 4 } = 0 ond at least sn^ copies of Kfi are of type 
F 1 F 2 I/ 3 I/ 4 . Then there exist distinct i,j G [d] such that F U F (3c + l,ri')-closed in H. 

Proof of Lemma [gTH Let r/* be as defined before Lemma [531 Since e ^ 7 <C 1, we may assume that 
e <C 7 *. Let Eq be such that <C eo ^ Let 77 be a 3-graph of order 77 with 62 (H) > (1/2 — 7)77 
and so that H is not 37 -extremal. 

If there exists a vertex 77 G V(H) such that there are less than SQn^ edges e G E(H) such that 
77 G L(e), then Lemma 15.61 implies that there exists F) F F(77) of order at most S^FQn such that 
77[Fo] contains a TL^-factor and 77 \ Fq is (6, r/*)-closed. Apply Lemma [5T] to 77 \ Fq and obtain 
an absorbing set IF' C F(77) \ Fq of order at most £ 77/2 such that for any U C F(77) \ (Fq U W) 
such that \U\ < 4>n and \U\ G 4N, both 77[1F'] and H[U U W] have TL^-factors. Lemma \T2 \ holds 
by setting IF := VF' U Fq. 

Therefore, we may assume that for every 77 G F(77), there are at least £ 977 ^ edges e G E(H) such 
that 77 G L(e). Let C 4 := 16 and for d G [3], let Cd '■= 5cd+i + 1. Let 7 , 771 ,... ,774 be such that 
(/> <C 771 <C 772 <C 773 <C 774 <C 77 <C £o- Let d < 4 be the smallest integer such that there is a partition 
V = (Fi,..., Vd} of F(77) such that d < 4 and each F is (cd, 77rf)-closed and |F| > ( 1 / 4 — 47 ) 77 . Note 
that d exists by Proposition 15.81 and Lemma 15.91 If d = 1, then Lemma 12.21 holds by Lemma l5.ll 
We will now show that we obtain a contradiction if d = 2, 3,4 and so d = 1, as required. 

Case 1: d G {3,4}. 

Without loss of generality, assume |Fi| < • • • < |Frf|. Note that we have ( 1 / 2 — 87)77 < |Fi| + |F 2 | < 
2n/3. 

First assume that e(FiF 2 F) ^ lo^ some j > 3. Since 62 (H) > ( 1/2 — 7 ) 77 , by Proposition l3.2l 
each FiF 2 F-edge is contained in at least (1/2 — 37 ) 77/2 copies of 77^. By averaging, there exists 
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i E [d] such that there are at least 



37 


n 1 
2 ’ 2 


^ d 4 
> —n 
- 40 


copies of of type ViV 2 VjVi appears because a copy of may be counted twice if i E 
{1, 2, j}). It is easy to see that we can order 1, 2, j, i as ii, ^2, *3, ^4 such that {*1,^2} H {is, i4} = 0. 
By Lemma [5.101 and Proposition 15.21 there exist distinct i,j E [d] such that Vi U Vj is 
closed in H. Also, by Proposition 15.21 every set in {Pi,..., Vd\ \ {P, p} is (crf_i, r/rf_i)-closed in 
H. Altogether, this contradicts the minimality of d. 

So we may assume that e(PiP2p) < for j > 3. Since 


d 

\N{xy)\ = 2 eiViViV 2 ) + 2e(PiP2P2) + J^e(PiP2P), 
xeVi,yeV2 j=3 


it follows that |Pi||P 2|(1/2 - 7)n < 2e(PiPiP2) + 2e(PiP2P2) + 2 r]n^. As IP1IIP2I > (^ - 
we have 2 r]n^ < 34r7|Pi||P2|n. It follows that 2e(PiPiP2) + 2e(PiP2P2) > |Pi||P2|(l/2 —7 — SAr])n. 
Note that IP2I < (f + Vi)n /2 because IV3I > IP2I > |Pi| > (| — 47)n. Therefore 

e(PiPiP2) + e(PiP2P2) > ^IPIIPI Q - 27) n > ipiHPl ^ Q + 27) n > ^|P| 
as 7 <C 7 <C 1 . Hence 

(IPI - l)e(PiPiP2) + (IPI - l)e(PiP2P2) > (IPI - l)(e(PiPiP2) + e(PiP2P2)) > 


By Proposition 13.41 there are at least > 4 copies of with two vertices in Pi and 

two vertices in p. Lemma 15.101 and Proposition 15.21 imply that there exist distinct i,j& [d] such 
that p U Vj is (cd_i, 7^_i)-closed in H. Also, by Proposition 15.21 every set in {Pi,..., P^} \ {p, p} 
is (cd_i, 7rf_i)-closed in H. Altogether this contradicts the minimality of d. So d 0 {3,4}. 


Case 2: d = 2. 


By Lemma ESI since H is not 37-extremal, H contains at least 7^n^ PiPiP2-edges and at least 
7^n^ Pipp-edges. By Lemma 15.101 we may assume that there are at most rjn^ copies with 
two vertices in Pi and two vertices in P2 - otherwise Pi U P2 is (ci,7i)-closed in H. Thus, for all 
but at most 2y7/re^ PiPiP2-edges e, |L(e) n P2I < yT/n and so |L(e) n Pi| > n/8 by Proposition 13.21 
Therefore, there are at least — 2y/rjn^){n/8)/3 > 7^n^/50 > rjn'^ copies of with three 

vertices in Pi and one vertex in p. So there are at most copies of with all vertices in Pi. 
(Indeed, otherwise Lemma [5~41 implies that Pi U P2 is (ci, 71 )-closed in H, a contradiction to the 
minimality of d.) Proposition 13.11 implies that e(id[Pi]) < (3/10) . Thus we have 

e(PiPiP 2 )> (d 2 (H)-> (^(i/2-7)n-A|Pi|) 

Similarly, we have e(PiP2P2) > ((1/2 — 'y)n — 3|P2|/10). So we have 
(IP2I - l)e(PiPiP2) + (IPI - l)e(PiP2P2) 

>^(|P| - l)(lPl - 1) ((1/2 - 7)n(|Pi| + IP2I) - ^(|Pi|2 + |P2n) 

=^(|P| - 1)(|1^2| - 1) ((1/5 - 7) + ^|Pl||P2|) . 
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Since |i^i||V2| < n^/4, we have (1/5 — 7) > ||Vi||V2|. Thus, we get 

(IF2I - l)e{ViV,V2) + (|Fi| - l)e{ViV2V2) > f 

By Proposition 13.41 there are at least (^P) > rjn'^ copies of in H with two vertices in hi 

and two vertices in V 2 , contradicting our assumption. So d 7 ^ 2. This completes the proof. □ 


5.4. Proof of Lemma lS.lOL Suppose that H \sa. 3-graph satisfying the hypothesis of Lemma r5.10l 
Let Y = Vi^UVi^ and X = V{H) \ Y. Then there are many copies of K'^ with two vertices in 
X and two in Y. Our aim is to show that there are many (X, T)-bridges so that we can apply 
Lemma 15.31 

Let Lf be a 3-graph of order n. Let X,Y be two disjoint subsets of V{H). Given a constant 
p > 0, a set xx'y of three vertices with x,x' G X and y gY is called {p, X, Y)-typical if 

(Tl) deg(xx',T) > |y| — pn, 

(T2) \Nixy,X)nNix'y,X)\<pn, 

(T3) \X\ - pn< deg(xy, X) + deg{x'y, X). 

In the next lemma, we show that given a copy of Kf on xx'yy' with x,x' G X and y, y' G Y, then 
we can find many (X, y)-bridges (containing this Kf) unless xx'y is typical. 


Lemma 5.11. Let 7 > 0. Let H be a 3-graph of order n with 62 (H) > (1/2 — 7 )n. Suppose that 
X,Y is a bipartition ofV(H) and that xx'yy' spans a copy of in H with x,x' G X and y, y' G Y. 
Then at least one of the following holds: 

(a) xx'yy' is contained in at least jn/A 5-sets that span (X,Y)-bridges of length 1; 

(b) (1/2 — 47 )n< |X|,|y| < (1/2-|- 47 ) 77 , and xx'y is (9j,X,Y)-typical. 

Proof. First note that each 2 ; G L(xx'y) n X gives an (X, y)-bridge (z,y',{x, x',y}) of length 1 
because both zxx'y and xx'yy' span copies of . Thus we may assume that 

(5.6) |L(xx'y) n X|, |L(xx'y') 0 X|, |L(xyy') 0 T/ \L(x'yy') 0 Tl < 777/4 

or else (a) holds. Since xx'y G E(H), this implies that |X(xy,X) n X(x'y,X)| < \L{xx'y) nX| < 
'jnjA. Furthermore, by Proposition 13.21 we have 

deg(xx',X) + deg(xy,X) + deg{x'y,X) < \X\ +'ynl2, 

deg(xx', X) -|- deg(xy', X) -|- deg(x'y', X) < |X| -|- 777 / 2 , 

deg(xy, y) -F deg(xy', y) -F deg(yy', Y) < \Y\ 'yn/2, 

deg(x'y, y) -h deg(x'y', y) deg(yy', Y) < \Y\ -h 777 / 2 . 


Let D := 2deg(xx',X) -|- 2deg(yy',y) -|- deg(xy) -|- deg(xy') -|- deg(x'y) -|- deg(xV). By summing 
all the inequalities in (15. 7p . we derive that D < 2\X\ -\- 2\Y\ -\- 2jn. Since 62 (H) > (1/2 — 7)77 and 
|X| -|- |y| = 77, it follows that 

( 5 . 8 ) deg(xx', X) -|- deg(yy', y) < 3777. 

Note that |X| > deg(yy',X) > ( 1/2 — 7)77 — deg(yy',Y) > ( 1/2 — 47)77. Similarly we have \Y\ > 
( 1/2 — 47)77. Therefore 

( 5 . 9 ) (1/2 - 47)77 < |X|, |y| < (1/2 -h 47)77 


and 


(EIJ 

deg(xx',y) > (1/2 — 7)77 — 3777 > |yI — 8777. 
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If deg{xx',X) + deg(x 7 /,X) + deg(x'y,X) < |X| — ll 7 n /2 , then we replace the hrst inequality in 
(j 5 . 7 l) and obtain that 

deg(x 7 /) + deg(x 7 /') + deg(x'?/) + iieg{x'y') < D < 2 \X\ + 2 \Y\ — dyn < A52{H), 

a contradiction. We thus have that deg(xx',X) + deg(xy,X) + deg(x'y,X) > \X\ — ll 7 n/ 2 . 
Together with ( 15 . 81 ) . it follows that deg(xy,X) + deg(x'y,X) > |X| — 9771. We thus deduce that 
xx'y is (97, W, y)-typical and (b) holds. □ 

Now we prove a similar lemma in which we assume xx'yy' spans a copy of - this requires a 
more careful analysis of the neighbourhoods in the proof. 

Lemma 5 . 12 . Let 7 > 0 . Let H be a 3 -graph of order n with 52{H) > ( 1/2 — 7)71. Suppose that 
X,Y is a bipartition ofV{H). Let x,x' G X and yi,y2 G Y such that xyiy2,xx'yi,xx'y2 G E{H). 
Then at least one of the following holds: 

(a) xx'yiy2 is contained in at least 777/4 5 -sets that span {X^Y)-bridges of length 1 ; 

(b) there are at least 777/4 copies K of Kf such that \V{K) n X| = 2 = \V{K) n Y\ and 
\V{K) n {x,x',yi,y2}\ = 3 ; 

(c) ( 1/2 — 157/4)77 < |X|, |y| <(1/2 + 157/4)77 andxx’yi is { 26 'j,X, Y)-typical. 

Proof. We assume that neither (a) nor (b) holds. Fix i G { 1 , 2 } and consider the edge xx'yi. Note 
that each z G L{xx'yi) n X gives an (X, y)-bridge (z, t/j, (x, x', y*}) of length 1 , where j = 3 — i. 
Thus \L{xx'yi) H y| < 777/4 or else (a) holds. Therefore by Proposition 13.21 we have 

( 5 . 10 ) deg(xx', X) + deg(xyi, X) + deg(x'yi, X) < |X| + 777/2. 

On the other hand, each z' G N{xx', Y) n N{xyi, Y) n N{x'yi, Y) yields a copy of Kf on xx'ytz'. 
Thus 

( 5 . 11 ) 777/4 > |w(xx', y) n N{xyi, Y) n N{x'yi, y)| 

( 5 . 12 ) > deg(xx', y) + deg(xyi, y) + deg(x'yi, Y) - 2 |y| 
or else (b) holds. By combining (I 5 .in|) and (I 5 . 12 |) . 

( 5 . 13 ) deg(xx') + deg(xyj) + deg(x'yi) < |y| + 2 |y| + 3777/4 = 77 + |y| + 3777/4. 

Since 52{H) > ( 1/2 — 7)77, it follows that |y| > ( 1/2 — 157/4)77. 

By a similar argument on the edge xyiy2, we deduce that \X\ > ( 1/2 — 157/4)77. Therefore, 

( 5 . 14 ) ( 1/2 -157/4)77 < |y|, |y| < ( 1/2 +157/4)77. 

We now bound deg(xx', y) + deg(xyj, y) + deg(x'yi, y), i G { 1 , 2 }, from below. If deg(xx', y) + 
deg(xyj,y) + deg(x'yi,y) < 2 |y| — 29777/4, then together with ( 15 . 101 ) this gives that 

ITTit 

deg(xx') + deg(xyi) + deg(x'yi) < \X\ + 2 |y| — 27777/4 = 77 + |y| — 27777/4 < 3 ( 1/2 — 7)77, 
implying that 62(H) < ( 1/2 — 7)77, a contradiction. Hence, we have 

( 5 . 15 ) 2 |y| — 29777/4 < deg(xx', y) + deg(xyj, y) + deg(x'yj, y). 

For 0 < .^ < 3 , let 777 be the number of vertices of Y that belong to i of the sets N(xx'), N{xyi), 
N(x'yi). Clearly, 770+771+772+773 = |y| and 777+2772+3773 = deg(xx', y)+deg(xyi, y)+deg(x'yj, y). 
We may assume that 773 < 777/4 otherwise (b) holds. By () 5 . 15 p . 

2 |y| — 29777/4 < 771 + 2772 + 3773 = 2(770 + 77 l + 772 + ns) — 2770 — 771 + 773 
< 2 |y| — 2770 — 771 + 777/4, 
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which implies that 2no + ni < In particular, 

(5.16) \N{xx',Y) \ {N{xyi,Y) nN{x'yi, y))| < no + n-i < 157n/2, 
where N{xx', Y) := Y \ N{xx', Y). Applying (15.161) twice with i = 1, 2, we obtain 

|]V(xx', Y) \ {N{xyi,Y) n N{x'yi,Y))\ + \N{xx', Y) \ {N{xy 2 ,Y) n N{x'y 2 ,Y))\ < Ihyn. 

If \N{xx',Y)\ > Ihyn, then we get 

\N{xyi,Y) n N{x'yuY) n N{xy 2 , Y) n N{Yy 2 ,Y)\ > yn. 

In particular, \N{xyi,Y) n N{xy 2 ,Y)\ > yn. Since N{xyi,Y) n N{xy 2 ,Y) C L{xyiy 2 ) n Y, this 
implies (a), a contradiction. Thus we assume that 

(5.17) \N{xx',Y)\ < 16'yn. 

We further have 

deg(xyi,y)+ deg(x'?/i,y) < |y| + |iV(xyi) n 77(x'7/i) n T] 

< |F| + \N{xyi) n N{x'yi) n N{xx') n T] + |y \ lV(a;a;')| 

ilTT7t . i[TTT|i ITTit 

< |y| + 7n/4 + Ibyn < (l/2 + 207)n. 

Therefore 

deg(xyi, A) + deg{x'yi,X) > 2(1/2 - 7)n - {deg{xyi,Y) + deg{x'yi,Y)) 

ilsTit 

>(l/ 2 - 227 )n > |A|- 267n. 

So (T3) holds (with p = 267). On the other hand, we have \N{xyi,X) n N{x'yi,X)\ < 'yn/A 
because \L{xx'yi) 0 A| < 7n/4 and N{xyi,X) n N{x'yi,X) C L{xx'yi) 0 X. So (T2) holds. 
Finally, (I5.17P implies that deg(xx',y) > |y| — Ibyn so (Tl) holds. We thus deduce that xx'yi is 
(267, A, y)-typical and (c) holds. □ 

In the next lemma, we show how to use (p. A, y)-typical edges to find (A, y)-bridges. 

Lemma 5.13. Let 0< l/n<Ce'<Ce^r 7 <C 7 <p<C 1/c. Suppose that H is a H-graph of order n 
such that 82 (H) > (1/2—7)n. LetX,Y be a partition V{H) such that {1/2—p)n < |A| < (l/2+p)n. 
Further assume X = Vi^U Vi^ and Y = 1/3 U Vi^ such that 

1) either Vi^ = 17*2 0 =0? either Vi^ = or Vi^ 0 Vi^ = 0; 

2) for each j G [4], Vi. is {c,p)-closed in H and has size at least (1/4 — 47)n. 

Suppose that there are at least en'^ copies xx'yy' of in H such that x,x' £ X, y £ Vi^, y' £ Vi^ 
and xx'y is {p, X,Y)-typical. Then at least one of the following holds: 

(a) there are at least {X,Y)-bridges of length c + 1 in H; 

(b) Vij n Vi2 = 0 and there are at least e'n^ {Yh, Vi 2 )-bridges of length 1 in H. 

Proof. Define eo so that e' ^ eo e. 

Let y be the set of pairs {y,y') such that (i) y £ Vi^ and y' £ Vi^; and (ii) there are at least 
en^ pairs x,x' £ X such that xx'yy' spans a copy of Ky and xx'y is (p. A, y)-typical. Note that 
|y| > en^ - otherwise there are at most |y| (2) + (2)^^^ < copies of such F, a contradiction. 

Fix {y, y') £ y. Let G be the graph on A such that xx' £ E{G) if xx'yy' spans a copy of Ky and 
xx'y is (p. A, y)-typical. Thus e{G) > en^. Applying a classical result of Erdos [5], we can find at 
least copies of ^3^3 in G. Fix a copy of ^3^3 and label its vertices as {xi,X 2 ,X 3 ,X 2 ,X 3}, 
where Xix'j £ E{G) for all i,j £ [3]. 

Claim. Let W := {xi, X2, X3, x/, X2, Xg, p, p'}. Then at least one of the following holds. 
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(i) there are at least en^'^ {X, y)-bridges Sq of length c + 1 with |F(5o) r\W\ = 5] 

(ii) X is not (c, r/)-closed and \L{xiX 2 X 3 ) n X| > |X| — 18pn or \L{x[x 2 x'^) H X| > |X| — 18pn. 

Proof of the claim. Let i E [3]. Since Xix'iU is (p, X, y)-typical, (T2) and (T3) imply that 

(5.18) \X\ - pn< deg(xjy, X) + deg(x'^y, X) < |X| + pn. 

Since deg(rEiy, X) + deg{x\y,X) < \X\ + pn, by swapping xi and x'^ if necessary, we may assume 
that deg(x(y,X) < (|X| + pn)/2 < |X| — llpn. For any i E [3], since Xix\y is (p,X,y)-typical, we 
have 

(5.19) (lQg{xix'i,Y) > |y| — pn, 

\N{xiy,X)r\N{x'^y,X)\<pn. 

Since deg(xjy,X) = \N{xiy, X) nX(x(y,X)| + \N{xiy,X) \X(x(y,X)|, it follows that 

ilsTB 

|X(xiy,X) \ X(xiy,X)| > deg(xiy,X) - pn > |X \ X(xi?/,X)| - 2pn. 

This implies that, for distinct i,j E [3], 

\N{xiy,X)r\N{xjy,X)\ > \{N{xiy,X) N{xjy,X))\N{x{y,X)\ 

> \N{xiy,X) \ N{x\y,X)\ + \N{xjy,X) \ N{x[y,X)\ - \X\N{x\y,X)\ 

(5.20) > |X \ X(x^?/,X)| — 4pn > 7pn. 

Suppose that there exist i,j E [3] such that (ieg{xiXj,Y) > Apn. By applying (|5.19l) twice, we 
derive that 

\L{x'iXiXj) n y| > \N{x'iXi) n N{x[xj) n N{xiXj) n y| > 2pn. 

Without loss of generality, assume that \L{x'iXiXj)r\Vi^ \ > pn. Consider any z E L{x'iXiXj)r\Vi^. Let 
S' be a (y', z)-connector of length c such that Sn VF = 0 (there are at least pn^‘^“^/2 choices for S). 
Then Su{xi, x(, y', z} is an (xj, y)-connector of length c+1 because both Lf[SU{xj, x(, y', z, Xj}] = 
H[x'iXiXjz] U H[S U y'] and H[S U {x'i,Xi,y', z, y}] = H[xiXiyy'] U H[S U z] have -factors. Hence 
{xj,y, SL){x'i,Xi,y', z}) is an (X, y)-bridge of length c-|-1. Since a given 4c-set may be partitioned 
into a singleton and (4c — l)-set in 4c ways, there are at least pn ■ (pn^'^“^/2) • (l/4c) > sn^^ 
(X, y)-bridges So of length c -|- 1 such that |y(So) n iy| = 5. This proves (i) and we are done. 
Now suppose that deg(xjXj,y) < 4pn for all distinct i,j E [3]. Since |X| < (1/2 + p)n, 

(5.21) deg(xjXj,X) > (1/2 — ^)n — 4pn > \X\ — Qpn. 

Thus |L(xiX 2X3) n X| > |X| — 18pn. If X is not (c, y)-closed, then we obtain (ii); otherwise assume 
that X is (c, y)-closed. By (I5.20p and (|5.21l) . 

|L(xiX2y) n X| > |X(xiy) n X(x2y) H X(xiX2) n X| > pn. 

Consider any z' E L(xiX2y) C X. Let S' be an (x/, 2;')-connector of length c such that S' n W = 0 
(there are r]n‘^^~^f 2 choices for S). Then S' U {x'^, xi, y, z'} is an (x2, y')-connector of length c + 1 
because both H[S' U {x'^, xi, X2, y, 2;'}] = H[xiX2yz'] U H[S' U x(] and H[S' U {x'^, xi, y, y', 2'}] = 
Lf[x(xiyy'] U H[S' U z'] have X^-factors. Thus (x2,y',S' U {x(,xi,y,y}) is an (X,y)-bridge of 
length c-l-1. In total, there are at least pn-(yn‘^'^“^/2)- (l/4c) > en^'^ (X, y)-bridges So of length c-|-l 
such that |y(So) n VFl = 5, implying (i). □ 

Now we return to the proof of the lemma. We apply the claim for each pair (y, y') E y and each 
copy of X3^3 in G. 

First assume that for some pair (y,y') E y, at least e^n^I2 copies of ^ 3^3 in G satisfy (ii) of 
the claim. Then X is not (c, p)-closed, so X = 1/^ U Vi^ with 1/)^ n = 0. In addition, either 
|L(xiX 2X3) n X| > |X| — 18pn or |L(x(x'2X3) C X| > |X| — 18pn. This implies that at least e^v? I2 
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3-sets S C X satisfy |i(5')| > |X| — 18pn. For any v G L{S) n Vij and v' G L{S) n Vi^, {v,v',S) is 

a iVi^, Vj2)'bridge of length 1. Recall that \Vi\, |Rj/| > (1/4 — 47)n. Thus, there are at least 

(eon^/2)(|Rii| - 18 pn){\Vi 2 \ - 18pn) > e'n^ 

) ^*2)"bridges of length 1, implying (b). 

The only other case to consider is when for every (y, y') G T, at least l2 copies of in G 

satisfy (i) of the claim. In this case, for each {y,y') G T, there exist at least Equ^ j2 6-sets W C X 

such that there are at least Equ^'^ {X, y)-bridges Sq of length c-|-1 with |R(S'o) n (bF'U {y, y'})\ = 5. 
By averaging, for each such IT', there is a 5-subset ITo C (IT'U {y, y'}) that is contained in at least 
eon^'^/(g) (X,y)-bridges of length c-|- 1. Since there are at least \y\{EQn^)/ 2 {^ choices of ITo and 
a (4c -|- 5)-set contains at most such ITq, the total number of {X, y)-bridges of length c -|- 1 

is at least 

\y\£onV 2 Epn^'^ 1 7„4c+5 

(3) ■ (D ■ ■ 

yielding (a). □ 

We are ready to prove Lemma 15.101 

Proof of Lemma 15.101 Since each copy of Ky misses one edge, after averaging (and relabeling the 
indices if necessary), we assume that there are at least en^/4 copies of Ky of type Vi^Vi^Vi^Vi^ such 
that all the missing edges are of type Vi^ Vi^ Vi^. Denote by F the family of these copies of Ky. Let 
y := T3 U Vi4 and X ■.= ¥(H) \ Y. Let e', e" be such that 

y' <C e' <C e" <C e, y, 1/c. 

We claim that it suffices to show that there exists c' < c -|- 1 such that there are at least 
{X, y)-bridges of length c'. Indeed, there are at most four types of pairs {Vi,Vj) such that Vi C X 
and Vj C y. If there are at least {X, y)-bridges of length c', then by averaging, there exist 

i ^ j & [d] such that there are at least (V), Ij')-bridges of length c'. By Lemma [5l3] and 

Proposition 15.21 we conclude that V) U is (3c -|- 1, y')-closed in LI as 2c -t- c' < 3c -|- 1. 

Since each F = xx'yy' G F satisfies x,x' G X, y,y' G Y, xx'y, xx'y', xyy' G E{H), we can apply 
Lemma l5.121 to F. Recall that IJ-”! > en^/4. First assume that there are at least en^/12 copies F 
satisfying Lemma [5.12l aL that is, each V{F) is contained in yn/d 5-sets that span (X, y)-bridges 
of length 1. Then there are at least |(en^/12 • yn/d) = eyn^/240 > e'n® (X, y)-bridges of length 1, 
as desired. 

Second if there exist at least en^/12 copies F € F that satisfy Lemma l5.12l cL then we are done 
by Lemma 15.131 

Finally, if there exist at least en^/12 copies F ^ F that satisfy Lemma l5.12l bi. then there are 
(en^/12 • 'ynlY)l‘in > e"n^ copies K of Kf with \V{K) nX| = |T(iF) ny|. Apply Lemma [5. Ill to 
each such K. First suppose there exists at least e"n^/2 copies K that satisfy Lemma l5.11I aL that 
is, V{K) is contained in yn/4 5-sets that span (X, y)-bridges of length 1. Then there are at least 
|(e"n^/2 • yn/4) > e'n^ (X, y)-bridges of length 1 and we are done. Thus we may assume that at 
least e"n^/2 copies K = xx'yy' with x,x' G X and y,y' gY satisfy Lemma [5TT](b) . Then we are 
done by Lemma 15.131 □ 


6. The extremal case 

In this section we prove Lemma 12.31 that is. Theorem 11.11 in the case when H is extremal. Let 
H, H' be two A:-graphs on the same vertex set V. Let H' \H := (T, E{H') \ E{H)). Suppose that 
0 < a < 1 and \V\ = n. A vertex u G T is called a-good in H (otherwise a-bad) with respect to F[' 
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if degjji\^jj{v) < an^ We first deal with the extremal case in the special case when every vertex 
in H is ‘good’. 

Lemma 6.1. Let 0 < 1/m <C a < 1/10® where m G N. Suppose that H is a 3-graph onV = Au B 
where |A| = \B\ = 6 m. Further, suppose that every vertex in H is a-good with respect to B[A,B]. 
Then H contains a -factor. 

Proof. Write n := 12m. Define an auxiliary 3-graph Hb with vertex set B and where xyz G E{Hb) 
precisely if there are at least |A| — 3oAl‘^n vertices a ^ A such that xyza spans a copy of in H. 

Claim 6.2. Hb contains a perfect matching Mb. 

Proof. To prove the claim, consider any vertex x ^ B. Since x is a-good, all but at most a^l‘^n 
vertices y & B \ {x} are such that deguixy, A) > |T| — Fix such a vertex y ^ B. Similarly, 

all but at most 2a^^'^n vertices z £ B\{x, y} are such that degfj{xz, A), degB{yz, A) > |T| — 

Fix such a vertex z £ B. Notice that xyza spans a copy of for at least |T| — 3a^/^n vertices 
a £ A. Thus, xyz £ E{Hb)- 

There are at least \B\ — 2a^^'^n choices for y and at least \B\ — 3odl‘^n choices for z. Hence, 

^ ^( 1^1 “ 2 a^/^n)(|H| - 3a^/^n), 

and so 6 i{Hb) > \{\B\ — 2a^/^n)(|H| — 3a^/^n). This minimum vertex degree condition forces a 
perfect matching m. Hb (for example, by a result of Daykin and Haggkvist [3j), as required. □ 

By definition oi Hb, for each edge xyz in Mb, we can greedily pair off xyz with a distinct vertex 
a G H so that xyza forms a copy of in H. We therefore obtain a K'^-iding Mi in H that 
covers all of B and 2m vertices in A. Let := H \ V{Aii). So \ A'\ = 4m. 

Set H' := H[A']. Further, define an auxiliary 4-graph Ha' with vertex set A' and where xyzw £ 
E{Ha') precisely if xyzw spans a copy of in H. Consider any x £ A'. Since x is a-good, all 
but at most 2a^/^n vertices y £ A' \ {x} are such that degj;^/(xy) > \A'\ — 2 — in H'. Fix 

such a vertex y. Next fix a vertex 2 ; G NB'ixy) where degj:^/(x 2 ;) > \A'\ — 2 — There are 

at least \A'\ — 2 — 3a^/^n choices for z. Finally, fix a vertex w £ NB'ixy) n Nb'{xz); there are at 
least \A'\ — 4 — 2ofl‘^n choices for w. Then xyzw spans a copy of in H' and so xyzw £ E{Ha')- 
There are at least \A'\ — 3ofl‘^n choices for y, \A'\ — 4a^/^n choices for z and \A'\ — 3oAl‘^n choices 
for w. Therefore, 

6 i{Ha') > ^( 1^1 “ 3a^^‘^n){\A'\ — 4a^'^^n)(|H'| — 3a^'^^n). 

This implies that Ha' contains a perfect matching (again, by the result of Daykin and Haggkvist [3]) 
and thus, H' contains a i^^f-factor M. 2 - So A4i U M .2 is a iF^-factor in H, as desired. □ 

We now apply Lemma l 6 .II to prove Lemma 12.31 

Proof of Lemma \2.3l Let 0< l/no<C 7 <C 7 i <C 72 ^ 73 <C 1. Suppose that H is as in the 
statement of the lemma. In particular, since H is 7 -extremal, there exists a partition A,B ofV(H) 
such that |H| = \B\ and H 7 -contains B[A,B]. Furthermore, this implies that all but at most 7 in 
vertices in H are 71 -good with respect to B[A,B]. Let Aq and Bq denote the set of 71 -bad vertices 
in A and B respectively. 

We say that a vertex x G HqUHo is B-acceptable if there are at least n^/40 pairs (a, b) of vertices 
where a £ A, b £ B and abx £ E{H). Otherwise we say that x G Hq U Hq is A-acceptahle. Since 
^i{H) P [n — l){n/2 — l)/ 2 , if x is H-acceptable then: 

• There are at least 3(^'^^)/4 pairs {a, a') of vertices where a, a' £ A and aa'x £ E{H) and; 

• There are at least /4 pairs ( 6 , b') of vertices where b,b' £ B and bb'x £ E{H). 
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Next we modify the partition A,B of ^ {H) as follows. Move all ^-acceptable vertices that lie in B 
to A and move all ^-acceptable vertices that he in A to B. Since |^o| + l-^ol < 7in, A,B remains 
a partition of V {H) where now: 

• n /2 — 7in < |^|, \B\ < n /2 -|- 7in; 

• H 72-contains B[A,B]. 

Moreover, there is a partition Ai,A 2 of A so that: 

(ai) 1^2! < lin] 

(02) Every vertex in Ai is 72-good with respect to B[A, B]; 

( 03 ) If X G ^2 then 

• there are at least 2(^^^)/3 pairs {a, a') of vertices where a,a' ^ A and aa'x G E{H) 
and; 

• there are at least 2 (l'^l )/3 pairs {b,b') of vertices where b,b' ^ B and bb'x G E{H). 
Similarly, there is a partition Bi,B 2 of B so that: 

(^1) 1^2! < im] 

{(32) Every vertex in Bi is 72-good with respect to B[A, B\, 

(/Sa) If X G i ?2 then there are at least n^/50 pairs (a, 6 ) of vertices where a G A, b & B and 
abx G E{H). 

Our aim will be to find a small which covers all the vertices in A2 U B2 so that the set 

of uncovered vertices. A* and B* in A and B respectively, are such that |^*| = \B*\ = 0 mod 6. 
Then (0:2) and (/32) will ensure that every vertex in H[A*UB*] is 73-good with respect to B[A*, B*]. 
Thus, Lemma ED ensures a -factor in H[A* U B*] and hence a -factor in H. To guarantee 
that 1^*1 = \B*\ = 0 mod 6 we will require the existence of two ‘parity breaking’ copies of in 
H. These subgraphs will be obtained in the following claim. We say a copy K of in H is of 
type {i,j) if K contains i vertices from A and j vertices from B. 

Claim 6.3. H contains two copies K, K' of so that one of the following conditions holds: 

(i) K and K' are not necessarily vertex-disjoint; K is of type ( 2 , 2 ); K' is o/( 3 , 1 ); 

(a) K and K' are vertex-disjoint; K and K' are of type ( 3 , 1 ); 

(Hi) K and K' are vertex-disjoint; K and K' are of type ( 2 , 2 ). 

Proof. To prove the claim we split our argument into two cases depending on the size of B. 

Case 1 : \B\ < nj^ — 1. Fix a G A and b G B. Then there exists a vertex a' G Nniab) n A since 
b 2 {H) > n/2 — 1 and \B \ {6}| < n/2 — 2. Let x G ^ \ {a, a'} and y G B \ {6} be arbitrary. Again 
there exists a vertex x' G Nnixy) n A. Suppose that x' / a, a'. Certainly, at least two of the sets 
NH(aa'), Nniab), NH{a'b) have an intersection of size at least 4. Thus, H contains a copy K of 
of type (2,2) or (3,1) where a,a',b G V{K) and K is disjoint from xyx'. Moreover, at least 
two of the sets Nh{xx'), NH{xy), Nnix'y) have intersection at least 5. Thus, H contains a copy 
K' of Kf of type (2,2) or (3,1) where x,x',y G V{K') and so that K and K' are vertex-disjoint. 
Hence, K and K' satisfy one of (i)-(iii) as desired. 

The claim is therefore satisfied in this case, unless for every x G A \ {a, a'} and y G B \ {6} we 
have that Nnixy) H A C {a, a'}. Suppose there are distinct x, xi G A \ {a, a'} and y,yi G B \ {b} 
such that a G Nnixy) n A and a' G Nnixiyf) H A. Then as above, we obtain vertex-disjoint K, 
K' that satisfy one of (i)~(iii). This implies we may assume that for every x G A \ {a, a'} and 
y G B \ {6} we have Nnixy) n A = {a}. We now show that in this case, (i) is satished. 

Choose any edge 016162 £ E{H) where oi G A \ {a, a'} and 61,62 G B \ {6}; such an edge exists 
since H 72-contains B[A,B]. Then by assumption 00161,00162 G E{H). Thus, 0016162 spans a 
copy K of Kf) in H of type ( 2 , 2 ). 
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Since a G A, ( 02 ) and ( 0 : 3 ) imply that there exists an edge axx' G E{H) where x, x' G {a, a'}. 
Let y G B \ {b} be arbitrary. Then by assumption axy, ax'y G E{H). Thus, axx'y spans a copy K' 
of in H of type (3,1). Hence, the claim is satisfied in this case. 

Case 2: \B\ > nj^. Fix a, a' G A. Then since 52 {H) > n/2 — 1, there exists a vertex b G 
Nh^clcl') n B. Let x,y G A \ {a, a'} be arbitrary. So there exists a vertex z G Nnixy) H B. Suppose 
that b ^ z. At least two of the sets Nniaa'), Nniab), Nnia'b) have intersection at least 4. Thus, H 
contains a copy K of K'^ of type (2, 2) or (3,1) where a, a', b G V{K) and K is disjoint from xyz. 
Moreover, at least two of the sets Nh{xz), Nnixy), Nniyz) have intersection at least 5. Thus, H 
contains a copy K' of of type (2,2) or (3,1) where x,y,z G V{K') and so that K and K' are 
vertex-disjoint. Hence, K and K' satisfy one of (i)-(iii) as desired. 

We may therefore assume that for every x,y G A \ {a, a'} we have Nnixy) (1 B = {b}. We will 
show that (i) is satisfied in this case. Choose any three vertices 01 , 02,03 G A\ { 0 , 0 '}. Then by 
assumption 01026 , 02036,01036 G E{H). Thus, 0102036 spans a copy K' of in H of type (3,1). 

Since b G B, (/ 32 ) and (/? 3 ) imply that there are vertices x,y G A \ { 0 , 0 '} and z G B such that 
xzb,yzb G E{H). Also, by assumption we have that Nn^xy) f\B = { 6 }. So xyzh spans a copy K 
of K'^ in H of type (2, 2). Hence, the claim is satisfied in this case. □ 

The next claim will allow us to cover the vertices in A 2 U B 2 with a small 

Claim 6.4. Let W C V{H) such that \W\ < 72 ?!. Every vertex x G {A 2 U B 2 ) \ W lies in a eopy 
Kx of in H of type (1,3) such that is disjoint from W. 

Proof. If X G A 2 \W then ( 0 : 3 ) together with Mantel’s theorem implies that the subgraph Lx[B\W] 
of the link graph contains a triangle T. Note that T corresponds to a copy of in H of type 
(1,3) that contains x. 

Suppose that x G H 2 \ W. Since H 72 -contains H[A, H], implies that there are vertices 
a G A\W and b,b' G B \ W such that abb', abx, ab'x G E{H). Therefore, x indeed lies in a copy of 
Kfj in H of type (1,3) that is disjoint from W. □ 

By repeatedly applying Claim [631 can obtain a AT^-tiling A4i in H so that: 

• l-^il < 27in; 

• All is vertex-disjoint from K and K'; 

• Every copy of Kf in A4i is of type (1, 3); 

• Every vertex in {A 2 U B 2 ) \ {V{K) U V{K')) is covered by M.i. 

Let A' := A\H(A4i) and B' := H\l/(Ali). Since n = 0 mod 4 we have that \ A'VJB'\ = 0 mod 4 
and so |A'| = \B'\ mod 2. Eurther, n/2 — Lyin < |A'|,|H'| < n/2 -|- 7 in. Since H 72 -contains 
B[A, B], it is easy to see that we can greedily construct a LC^-tiling A 42 in H so that: 

• IAI 2 I < 87in; 

• AI 2 is vertex-disjoint from A4i, K, K'-, 

• Every copy of Kf in A 42 is of type (4, 0) or (1,3); 

• |A"| = \B"\ where A" := A' \ V(M 2 ) and B" := B' \ V{M 2 ). 

Note that |A"| = \B"\ = 0 mod 2 and so (a) |A"| = \B"\ = 0 mod 6 or; (b) |A"| = \B"\ = 2 
mod 6 or; (c) |A"| = \B"\ = 4 mod 6 . If (a) holds we set A 43 := 0. Suppose that (b) holds. 
If Claim [ 6 ^i) or (hi) holds then we set •= {K}. If Claim lOl iil holds then we set A 43 := 
{K,K', K", K'"} where K" and K'" are two vertex-disjoint copies of in H of type (1,3) which 
are additionally vertex-disjoint from A4i, A42, K, K'. (It is easy to see such K" and K'" exist 
since H 72 -contains B[A,B].) Einally, suppose that (c) holds. If Claim (6314 1 or (ii) holds then we 
set A 43 := {K',K"j where K" is a copy of in H of type (1,3) which is vertex-disjoint from 
A4i, A 42 , AT, AT'. If Claim IHAl iiil holds then we set A 43 := {AT, AT'}- 
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In every case we have chosen Ms so that \A'''\ = \B'''\ = 0 mod 6 where A'” := A” \ 
and B'” := B" \ Depending on the definition of Ads, A'" and B'" could contain vertices 

from K,K', and thus perhaps vertices from A2 and i? 2 - However, by applying Claim [63] we can 
obtain a iH^^-Hling Ad 4 in H so that: 

• |Ad 4 | < 24; 

• A 44 is vertex-disjoint from A4i, A 42 ,A 43 ; 

• Every copy of in Ad 4 is of type (4, 0) or (1,3); 

• |A*| = |H*| = 0 mod 6 where A* := A'" \ V{Ma) and B* := H'" \ I/(Ad 4 ); 

• A* C Ai and B* C Bi. 

Note that |A*|, \B*\ > nj^ — 72 ?!. Set B* := H[A* U B*]. By (a 2 ) and (/ 32 ) we have that every 
vertex in H* is 73 -good with respect to B[A* , B*]. Therefore, Lemma l 6 A I implies that H* contains 
a iL^-factor, Ads. We have that Adi U Ad 2 U Ads U Ad 4 U Ads is a iL^^-factor in H, as desired. □ 


7. Concluding remarks 


In this paper we have determined the minimum codegree threshold that ensures a -factor in a 
3-graph of sufficiently large order by the absorbing method. It is attempting to apply m Theorem 
2.9] of Keevash and Mycroft to handle the non-extremal case directly. However, since the 4-system 
defined in (14.11) is not a complex (downward-closed system), we can not apply [TTl Theorem 2.9] 
directly. 

It would also be interesting to determine the minimum vertex degree threshold for iL^-tiling. 


Conjecture 7.1. Let n G 4N he sufficiently large. If H is a 3-graph on n vertiees and 


6i{H) > 




then H contains a -factor. 

Note that, if true, the minimum vertex degree condition in Conjecture 17.11 is best-possible. 
Indeed, consider the 3-graph H whose vertex set has a partition X^Y so that |X| = n/4 -|- 1, 
|y| = 3n/4 — 1 and so that the edge set of H consists of precisely all those edges whose intersection 
with Y is at least 2. Since |T| = 3n/4 — 1 < 3(n/4), H does not contain a K^-iacloi. Further, 
5i(77) = 

It is desirable to generalise the Hajnal-Szemeredi theorem to hypergraphs. Below we discuss the 
codegree tiling threshold for a family of fc-graphs that include Given k >2 and 2 < i < A:-|-l, 

let Tf denote the (unique) fc-graph with fc-f 1 vertices and i edges (thus = iL^_|_^). The results 
on graph tiling tell us that 6 {n, Ff) = (^^ -|- o(l))n for 2 < i < 3. The results in [T21 [El dS] yield 
that 5{n,Ff) = (^ -|- o(l))n for 2 < i < 4. This prompts us to ask the following question: 

Problem 7.2. Is it true that 6{n,F^) = (|^ -|- o(l))n for 2 < i < k, in particular = 

(fc^ +o(l))n? 

Since F 2 is A:-partite, the result of Mycroft m confirms that = (^;^ -|-o(l))n. The 

methods we employed in this paper may be useful to answer Problem 17.21 in other cases. 
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